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Abstract. Consider an effective Hamiltonian circle action on a com- 
pact symplectic 2n-dimensional manifold (M, w). Assume that the fixed 

ol 

set M is minimal, in two senses: it has exactly two components, X 
and y, and dim(A:) + dim(Y) = dim(A/) - 2. 

We prove that the integral cohomology ring and Chern classes of M 
are isomorphic to either those of CP" or to those of 02 (R"^^), where 
G2(R"'''^) denotes the Grassmannian of oriented two-planes in R""*"^. In 
particular, this implies that H\M;Z) = W{CF";Z) for all i, and that 
the Chern classes of M are determined by the integral cohomology ring. 
We also prove that the fixed set data agrees exactly with one of the two 
standard examples. In particular, there are no points with stabilizer Zfe 
for any k > 2. 

ol 

We also show that the same conclusions hold when M has exactly 
two components and the even Betti numbers of M are minimal, that 
is, b2i{M) — 1 for all i £ {O, ■ • ■ , | dim(M)}. This provides additional 
evidence that very few symplectic manifolds with minimal even Betti 
numbers admit Hamiltonian actions. 



1. Introduction 

Let the circle act in a Hamiltonian fashiorQ on a compact symplectic 
manifold (M, a;). The moment map i;^: M — > M is a Morse-Bott function 
whose critical set is exactly the fixed point set M . Moreover, since M is 
a symplectic manifold, if^*(M;M) / for all i such that < 2i < dim(M). 
Therefore, we can immediately conclude that 

^ (dim(F) + 2)> dim(M) + 2, 

where the sum is over all fixed components. 

In this paper, we consider the case that the fixed set has the smallest 
possible number of components, and these components have the smallest 
possible dimension. More concretely, we assume that has exactly two 
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components, X and Y , and that dim(X) + dim(y) = dim(M) — 2. It is 
easy to see that CP", the complex projective space of hnes in C""*"^, admits 
a Hamiltonian circle action satisfying these assumptions; if n is odd then 
G2(M"'"'"^), the Grassmannian of oriented two-planes in M""*"-^, does as well. 
(See Examples 11.41 and 11.51 ) 

Our first main theorem in this paper is that, under the above assumptions, 
the cohomoloey rine H*{M] Z) and Chern classeell c(M) of M are identical 
to those of one of these two spaces. 

Theorem 1. Let the circle act in a Hamiltonian fashion on a compact 2n- 
dimensional symplectic manifold {M,u>). Assume that has exactly two 
components, X and Y , and that dim(X) + dim(y) = dim(M) — 2. Then 
one of the following is true: 

(A) H*{M;Z) = Z[x]/(x"+i) and c{M) = (1 or 

(B) n is odd, H*{M;Z) = Z[x,y]/ {x^^''^'^^ -2y,y^) andc{M) = -^f^. 
In both cases, x has degree 2; in case (B), y has degree n + 1. 

More generally, let (M, a;) be any compact symplectic manifold with a 
Hamiltonian circle action. Assume that M has minimal even Betti num- 
bers, that is, 

(1.1) b2i{M) = l Vi G {0,...,idim(M)}, 

where bj (M) = dim(H^ (M; M)) for all j. It is easy to check that this implies 
that the fixed components have minimal dimension, that is, 

(1.2) (dim(F) + 2) = dim(M) + 2. 

(See Lemma l4.ll ) Theorem [1] shows that if M^^ has exactly two compo- 
nents, then the converse also holds. In fact, we are able to show more 
generally that if holds, then W{M;R) = ii'J(CP^'^'""(*^);M) for ah 

j G {0, . . . , dim(X) + 2}, where X is the minimal fixed component; see 
Proposition 14.21 However, as we explain in Remark 14. 3^ ()1.2p does not im- 
ply (jl.ip in general. 

Moreover, the second author considers the following symplectic general- 
ization of the classical Petrie conjecture in [5j: 

Question 1. Consider a Hamiltonian circle action on a compact symplectic 
manifold {M,u>) which satisfies b2i{M) = 1 for all i G {O, . . . , ^ dim(M)} . 

(i) Is W{M;Z) = i/J(CP";Z) for all j? 

(ii) Are the Chern classes Ci{M) determined by the cohomology ring 
H*{M;Z)? 

In the case that M is 6-dimensional, both questions are answered affirma- 
tively in [5]. By the theorem above, the same claim holds if has exactly 



See ^for the definition of the Chern class of a symplectic manifold. 
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two components. Moreover, in both cases, every such manifold "looks like" 
some well-known Kahler example with additional symmetries; see [5] and 
[4] for the case when M is 6-dimensional. This provides additional evidence 
that very few symplectic manifolds with minimal even Betti numbers admit 
Hamiltonian actions. 

Our second main theorem is that there are no exotic actions, that is, the 
fixed set data agrees exactly with one of the two standard examples. Here, 
the fixed set data is the cohomology ring of each fixed component X, the 
set of weights for the isotropy representation on the normal bundle Nx to 
each fixed component X, and - for each such weight k - the Chern classes 
of each subbundle Vk C Nx on which acts with weight k. This theorem 
is an immediate consequence of Propositions 16.11 and 18.11 

Theorem 2. Let the circle act effectively on a compact symplectic manifold 
{M,Lo) with moment map </): M — >■ M. Assume that has exactly two 



components, X and Y , and that dim(X) + dim(y) = dim(M) — 2. Then 
H*{X;Z) = and c{X) = (1 + n)*+\ where dim(X) = 2i; 

H*{Y; Z) = Z[v]/v^^'^ and c{Y) = (1 + vY^'^, where dim{Y) = 2j. 



where Nx and Ny are the normal bundles to X and Y , respectively. 
(B) The action is not semifree, hut no point has stabilizer Z^, for any 
k > 2; moreover, 



where Nj^z2 denotes the normal bundle of M ^ in M , and, N^ 
and Ny^'^ denote the normal bundles of X and of Y , respectively, 
in _ 

The cohomology ring and Chern classes of CP" and G2(1R"'^^) are exactly 
those described in Theorem [TJ Moreover, we can transform any non-trivial 
circle action into an effective circle action by quotienting out by the subgroup 
which acts trivially. Therefore, by the proposition below, which combines 
Corollary 3.16 and Remark 3.18 in [5j, Theorem [T] is an immediate conse- 
quence of Theorem [2j 

^ A group G acts effectively on M if for every non-trivial g £ G, there exists m £ M 
so that g ■ m ^ m. 

^ A circle action is semifree if there are no points with stabilizer for any k > 2. 




and c{Ny) 



(l+v) 




4 



HUI LI AND SUSAN TOLMAN 



Proposition 1.3 (Tolman). Let the circle act on compact symplectic man- 
ifolds (M, w) and {M,u}) with moment maps (j): M ^ M and 0: M — s- 
M, respectively; assume that H^{M\'L) = H^{C¥"';Z) for all j. Also as- 
sume that there is a bijection from the fixed components Fi,. . . ^F^ of M 
to the fixed components Fi,...,Fk of M so that there exists an isomor- 
phism /*: H*,{Fi;Z) H*,{Fi;Z) such that f*{c^\M)\p^) = c^\m)\f, 

for all i. Then there is an isomorphism /»: H*{M;Z) H*{M;Z) so that 
fKc{M)) = c{M). 

Alternatively, we can use Theorem [2] to directly calculate the equivariant 
cohomology of M and to prove Theorem [U see Section [3l 

Note that, in the case that one of the fixed components is a point. The- 
orems [1] and [2] are an immediate consequence of Delzant's theorem [1]. He 
classified (up to equivariant symplectomorphism) Hamiltonian circle actions 
on compact symplectic manifolds (M, lj) with one isolated fixed point and 
one other fixed component. Additionally, Haussmann and Holm are study- 
ing Hamiltonian circle actions with two fixed components, but from a very 
different perspective [2]. In particular, they are not focussing on the case 
that we consider here. 

Example 1.4. Given n > 1, let CP" denote the complex projective space. 
Since this 2n-dimensional manifold naturally arises as a coadjoint orbit of 
SU{n + 1), it inherits a symplectic form uo and a Hamiltonian SU{n + 1) 
action. Thus, for any j € {0, . . . , n — 1}, there is a Hamiltonian circle action 
given by 

A ■ [Zo, Zi, Zn] = [Azo, Azi, \Zj,Zj+i, Zn]- 

The fixed set (CP")"^^ consists of two components: 

{[z] e CP" I Zfe = V < j} ~ CP"-^'-^ and 
{[z] G CP" I Zfe = V > i} ~ CP-''. 

Note that 2(n — j — 1) + 2j = 2n — 2, as required. 

Example 1.5. Given n > 3, let G2(K""'"'^) denote the Grassmannian of 
oriented two-planes in M"^^. Since this 2n-dimensional manifold naturally 
arises as a coadjoint orbit of SO{n + 2), it inherits a symplectic form u; and 
a Hamiltonian SO{n + 2) action. Thus, if n is odd, there is a Hamiltonian 
circle action on G2{W+'^) induced by the action on R"+2 ^ R x C^("+^) 
given by 

A - = (t,Azi,...,Azi(„+i)). 

The fixed set consists of two components, corresponding to the two orien- 
tations on the real two-planes in P({0} x C^("+^)) ~ CP^("~^). Note that 
2 (i(n - 1)) + 2 (i(n - 1)) = 2n - 2, as required. 
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The techniques in this paper are new, and are quite different from those 
used in [5j- In that paper, it was nearly always sufficient to examine Chern 
classes on the fixed components, using the Atiyah-Bott-Berline-Vergne lo- 
calization formula. In this paper, we work much more directly with the 
cohomology ring and Chern classes of the reduced space itself. We believe 
that this more direct approach will be vital for further progress. 

The outline of this paper is fairly straightforward. We describe properties 
of moment maps in §2; this is mostly review. In §3, we use Theorem [2] 
to calculate the possible cohomology rings (ordinary and equivariant) and 
Chern classes of M. The rest of the paper is dedicated to proving Theorem 
2. We consider the implications of our two main restriction - that the fixed 
components have minimial dimension, and that their are only two fixed 
components, in §4 and §5, respectively. In the next section, we bring these 
arguments together to complete the proof of Theorem [2] in the semifree 
case. Finally, in §7 we study isotropy submanifolds of actions with only two 
fixed components, and in §8 we use this to complete the proof of our main 
theorem. 

1.1. Open Questions. 

The results in this paper suggest some interesting open questions. First, 
although the assumption that the fixed components have minimal dimension 
does not in general imply that b2i{M) = 1 for all i € {0, . . . , ^ dim(M)}, we 
may consider extending Question [1] to this case. (See Remark 14.31 ) 

Question 2. Consider a Hamiltonian circle action on a compact symplectic 
manifold (M, uj) which satisfies YIfcm^'^ (dim(F) + 2) = dim(M) + 2. 

(1) Is b2i+i{M) = for alii? Is H*{M;Z) torsion-free? 

(2) Are the Chern classes Ci{M) determined by the cohomology ring 
H*{M;Z)? 

The first interesting case which we hope to consider is that of an 8- 
dimensional manifold M with an isolated fixed minimum, an isolated fixed 
maximum, and a 4-dimensional fixed component of index 2. 

Alternatively, one could attempt to classify Hamiltonian circle actions 
with two fixed components, X and Y. In this case, in light of our results 
here and Remark 1 5. 3 ^ the interesting cases to consider are when dim(X) + 
dim(y) > dim(M) and when X and Y have codimension at least four. 
The first such case would be an 8-dimensional manifold M with two 4- 
dimensional fixed components. 

More generally, we prove in the appendix that for any effective Hamilton- 
ian circle action with two fixed components, no point has stabilizer Zfc for 
any k > 6. However, we do not know of any example with stabilizer for 
any k > 2. (See also Proposition 17. 13[ ) This raises another question. 
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Question 3. Does there exist an effective Hamiltonian circle action on a 
compact symplectic manifold (M, u>) such that M^^ has exactly two compo- 
nents and there exists a point x E M with stabilizer "L^, for k > 2? 

Acknowledgement. The first author would Ukc to thank the University of 
Luxembourg, and particularly the University of Illinois at Urbana-Champaign 
for financial support while she was visiting the second author. 

2. Background 

The main goal of this section is to introduce some background material 
and establish our notation. However, in a few cases we will need to slightly 
extend known results. 

Let the circle act (possibly trivially) on a space X. The equivariant 
cohomology of X is 

H*i{X) =H*{X X51 S°°). 

For example, if p is a point then H*i{p;Z) = H*{C¥°°;Z) = Z[t]. More 

generally, if F C X^^ is a fixed component, then Hgi{F) is naturally iso- 
morphic to H*{F) (g) H*{CF°°) = H*{F)[t]. In contrast, if the stabilizer 
of every point x £ X is finite, then Hgi(X;M) is naturally isomorphic to 
H*{X/S'^;R). Note that the projection map X Xgi S°° ^ CP°° induces a 
pull-back map 

(2.1) TT*: H*{C¥^) H*gi{Xy, 

hence, H*,{X) is a F*(CP°°) module. 

Let M be a compact manifold. A symplectic form on M is a closed, 
non-degenerate two- form lo G ri^(M). A circle action on M is symplectic 
if it preserves u. A symplectic circle action is Hamiltonian if there exists 
a moment map, that is, a map (f): M such that 

where is the vector field on M induced by the circle action. Since t^f^uj 
is closed, every symplectic action is Hamiltonian if i7^(M;R) = 0. 

As we mentioned in the introduction, the moment map 0: M ^ R is a 
Morse-Bott function whose critical set is exactly the fixed point set . 
Therefore, if c G M is a regular value of 0, then every point in the level set 
(j)~^{c) has finite stabilizer. Since (/>~^(c) is a manifold, this implies that the 
symplectic reduction of M at c, 

Mc:=4>-Hc)/S\ 

is an orbifold. Since is a basic two-form, there exists a symplectic 

form Uc G O^(Mc) such that p*{iOc) = '^|</)-i(c)) where p: 4'~^{c) — > Mc is the 
quotient map. Let 
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be the composition of the restriction map from H^i (M; M) to Hgi (0^^(c); M) 
and the isomorphism from H^i{cj}~^ {c);M) to -ff*(Mc;M); this is called the 
Kirwan map. 

Given a symplectic manifold (Af, cj), there is an almost complex structure 
J: T(M) — > T{M) which is compatible with iv, that is, uj{J{-),-) is a 
Riemannian metric. Moreover, the set of such structures is connected, and 
so there is a well defined total Chern class c{M) G H*{M]'L). Similarly, 
given a circle action on (M, lo) with moment map (/) : M ^ M, there is a 
well-defined multiset of integers, called weights, associated to each fixed 
point p. In fact, for any fixed component F, the tangent bundle T{M)\f 
naturally splits into subbundles - one corresponding to each weight. 

The negative normal bundle A'^^ at a fixed component F is the sum 
of the subbundles of T{M)\p with negative weights. In particular, if Xp 
is the number of negative weights in TpM for any p ^ F (counted with 
multiplicity), then the index of (/> as a Morse-Bott function at F is 2Xf. 
Under the identification Hgi{F) = H*{F)[t], the equivariant Euler class 
e^^{Np ) is a polynomial in t whose highest degree term is Apt^^, where 
Ap £ Z\{0} is the product of the negative (integer) weights at F. As Atiyah 
and Bott pointed out, this fact implies that e^^ (Np) is not a zero divisor in 
H^i{F;M). Kirwan proved that this fact has remarkable consequences for 
Hamiltonian actions [3]; we explain some of these consequences below. 

Let i? be a commutative ring (with unit), for example, M, Z, or Zp. If 
i? = M, or if the action is semifree, or if H^~'^^^ (F; Z) is torsion-free and R = 
Z, then multiplication by e^^ {Np) induces an injection from H-'^^'^'' {F;R) 
to H^gi{F;R). (See [6] for comments on the case R / M.) Let M± = 
0^^(— cxD, (p{F) ± e), where e > is sufficiently small. For simplicity, assume 
that F is the only fixed set in \ M^. By the previous paragraph, if i? = 
M, or if the action is semifree, or if W-'^^f{F;Z) and W-'^^p+\F]'L) are 
torsion-free and i? = Z, then the map from (M+ ,M^;R) = (F; R) 

to Hgi{F; R) is injective for * = j and * = j + 1; therefore, the long exact 
sequence in equivariant cohomology for the pair (M'^ , M~) breaks into a 
short exact sequence 

(2.2) ^ H^g^{M+,M-;R) Wg^{M+-R) Wg^{M~;R) 0. 

In particular, if j <2Xf and R = Z, then ()2.2p is exact because H^{F; Z) is 
torsion-free for alH < 1. (Note that, ii j < 2Af-2 then (M+, M"; i?) = 
Hit\M+,M-;R) = and so H^^^{M+; R) = H^g,{M-;R) for any commu- 
tative ring R. ) 

Additionally, restriction induces a natural map of exact sequences 
... > hI,{M+,M-;R) > H^g,{M+;R) > hI,{M-;R) > ... 

... > W{M+,M-;R) > WiM+;R) > W{M-;R) > .... 
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The restriction map from H^^^ {M'^ , M~ ; R) to H^{M^,M~;R) is surjective 
because i/^i (F; i?) = H^{F;R)[t]. Hence, by an easy diagram chase, if 
(j2.2p is exact and if the restriction map from H''^i{M^; R) to {M^ ; R) 
is surjective, then the restriction map from Wg^{M^;R) to H^{M^\R) is 
also surjective. If, additionahy, the restriction map from Hl~\M--R) to 
H^~^{M~ ; R) is surjective, then 

(2.3) ^ W{M^,M-; R) H\M^; R) H\M-;R) 

is a short exact sequence. 

Note that, if j = 2 and i? = Z, then (j2.2p is exact for any fixed component 
F. This is because either \p = 0, in which case e^^ (Np) = 1, or Xp > 1, in 
which case Hi-^^F{F;Z) and Hi^^^P+^{F;Z) are torsion-free. Therefore, 
the proposition below follows easily by induction and the paragraph above. 

Proposition 2.4. Let the circle act on a compact symplectic manifold {M,lu) 
with moment map : M ^ M. The natural restriction H^i (M ; Z) — s- H'^{M; Z) 
is onto. 

More generally, as we saw above, if the action is semifree, if ii = M or 
if H*{M^ ;Z) is torsion-free and -R = Z, then (j2.2p is exact for every j. 
By induction, this implies that (j2.3p is exact for all F, that the restriction 
map Hgi(M; R) H*{M;R) is a surjection, and that the restriction map 

i* : H*, (M; R) H*, (M^' ; R) is an injection. 

If H*{M^^;Z) is torsion-free and R = Z,oTiiR = R, then ([22]) and (|23D 
imply that 

^,{M-R)= H^^-^^^F-R), and 

W{M;R)= W-^^^F;R) Vj, 

where the sum is over all fixed components. In particular, (j) is perfect and 
equivariantly perfect, that is, these equations hold for i? = M. Moreover, 
by Leray-Hirsch, the fact that H^{M^ ;Z) is torsion- free and that the re- 
striction map from H-'^i^M; R) to H^{M;R) is surjective implies that the 
kernel of this map is the image vr* (iif*(CP°°; i?)) , which is the ideal gener- 
ated by Tr*{t), where t € H'^{CF°°;R) is the generator. (See (gT]).) Hence, 
if we want to compute the (ordinary) cohomology of M, it is enough to 
determine the equivariant cohomology of M; 

(2.5) H*{M;R) = H*i{M;R)/{t). 

We can use a similar argument as in [5j to prove the following claim. 

Proposition 2.6. Let the circle act on a compact symplectic manifold (M, co) 
with moment map cp: M ^ W. Consider (3 G Hgi{M;U.) so that P\f' = 
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for all fixed components F' such that (piF') < (piF), where F is a fixed 
component. Then P\p is a multiple of e^ i^p)- 

Given any manifold M, there is a natural map from H*{M; Z) to H*{M; M). 
The image of this map is a lattice in H*(M; M). We shall say that a class is 
integral if it lies in the image of this map and is primitive if, in addition, 
it is not a positive integer multiple of any other integral class. 

Lemma 2.7. Let the circle act on a compact symplectic manifold {M,uj) 
with moment map 4>: M ^ M. Let F he a fixed component. 

• There exists u € i?|i(M;R) so that, 

u\p, = [uo\p,] + t {(j){F) - cpiF')) and 

Hc{u - ticpiF) - c)) = LOc 

for all fixed components F' and all regular values c € M. Here, 
Kc'. -ff^i(M;M) — > H*{Mc) is the Kirwan map and {Mc,uJc) is the 
symplectic reduction of M at c. 

• // [uj] is integral, then u is integral. 

Proof. To prove the first claim, let u = [uj — tcp + t(l){F)] in the De Rham 
model of equivariant cohomology. If c is a regular value, then u—t(p{F)+tc = 
[uj — t(l) + tc], and so (u — t(p{F) + tc)\^-i(^c) = ['^l0-i(c)]! which maps to uJc 
under the natural isomorphism iif^i ((/>~^(c); M) ~ H*{Mc). 

If [uj] £ H'^{M;'R) is integral, then by Proposition 12.41 there exists an 
integral class a £ H^i (M; M) which maps to [uj] under the natural restriction 
(M; M) H^{M; M). Then the restriction of a — u under the same map 
is zero. Since iJ*(CP°°;M) = M[t], this implies that a — u = Xt for some 
constant A € M. Finally, since 5 is integral, a\F = u\f + Xt = [uj\f] + Xt is 
integral; hence A € □ 

Lemma 2.8. Let the circle act on a complex vector bundle E of rank d 
over a compact manifold X so that E^ = X. Assume that there exists a 
non-zero X £ Z so that the circle acts on E with weight X. Then there exists 
a G i?2«(X;Z) for alii £ [Id,..., \ dim(M)} such that 

c{E) = 1 + ci H h Cd-i + Cd, 

c^\e) = {I + Xtf + ci{l + Xtf-^ + ■ ■ ■ + Cd-i{l + Xt) + Cd, and 

e^' {E) = {Xt)'' + ci {Xt)''-^ + ... + Cd-i {Xt) + cd. 

Here, c{E), c^^{E), and e^^ {E) are the total Chern class of E, the total 
equivariant Chern class of E, and the equivariant Euler class of E, respec- 
tively. 

Proof. By the splitting principle, there exists a space Y and a map p:Y^X 
such that p* : H*{X;7j) H*{Y]'L) is injective and the pullback bunlde 
p*{E) breaks up as the direct sum of line bundles. Therefore, without loss 
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of generality we may assume that the bundle is a direct sum of line bundles 
with first Chern class ai, . . . Ud respectively. Then 



c{E) =Yl{l + ai) and c^' (S) = + At + a^)- 

i=l 1=1 

The claim follows immediately. □ 



3. Using Theorem [2] to calculate the cohomology ring of M 

In this section, we use Theorem [2] to compute the possible cohomology 
rings (ordinary and equivariant) and Chern classes of M. In particular, we 
give an alternative proof of Theorem [T] and prove the proposition below. 

Proposition 3.1. Let the circle act effectively on a compact symplectic 2n- 
dimensional manifold (M, w) with moment map (p: M ^ M. Assume that 
M^^ has exactly two components, X and Y , and that dim(X) + dim(y) = 
dim(M) - 2. Then 

H*{X;Z) = Z[n]/n^+^ and H*{Y;Z) = Z[v]/v^+^, 

where dim(X) = 2i and dim(y) = 2j. If (f){X) < (j){Y), then one of the 
following is true: 

(A) The action is semifree, 

H*^{M;Z) = Z[x,t]/ {x'+'^ {x + ty^^) and 
c^\m) = {l+xy^^{l + x + ty^^, where 
x\x = u, and x\y = v — t. 

(B) The action is not semifree, dim(X) = dim(y), 

H*i{M;Z) = Z[x,y,t]/(^x'+^ - 2y,y{y+ + 2*)'+^ - P+i))) and 

{l + xy+\l + x + 2ty+\l + x + t) 
(M) = ^ — -, where 

x\^ = u, x\y = V — 2t, y\^ = 0, and y\y = ^{v — 2t)''^^. 

In both cases, t generates vr* (//^(CP°°; Z)) C i?|i(M;Z) and x has degree 
2; in case (B), y has degree n + 1. 

Proof By Theorem[2l H*{X;Z) = Z[u]/u'+'^ and H*{Y;Z) = Z[v]/v^+'^. In 
particular, H* [M^ ; Z) is torsion-free. As we showed in ^ this implies that 
the restriction map H^^ [M ; Z) H^i {M^ ; Z) is injective and that 

H^{M-Z)= i7^'-2^^(F;Z) = i7'=(CP";Z) V A;. 
fcms^ 
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Proposition 3.9 of [5| states that whenever H^{M;Z) = i?'=(CF";Z) for 
ah k, the classes l,ai, . . . ,an defined by 

A - / qi \ h dim(F')+l 

,3.2) „..^(.r(M,-r,<)-. n 

form a basis for H*^ (M; Z) as a iJ*(CP°°; Z) = Z[t] module. Here, Fi is the 
unique fixed component so that H'^^^'^'^^i {Fi^'L) = Z, and € Z is chosen 
so that -^ci(My~''^'"i\ „ generates ff^*"^'^^* (F^; Z) for each integer i such 

that < 2i < 2n. Moreover, Ap is the product of the negative weights at F 
and Fi? is the sum of the weights at F for each fixed component F. Finally, 
the product is over all fixed components F' such that Ai;" < Xpi- 

Assume first that the action is semifree. By part (A) of Theorem [2] and 
Lemma [ 



(3.3) cf (M)l^ = (n + l)n+(j + l)t and cf {M)\y = {n + l)v - {i+l)t. 

Hence, j^^^^^ci{M)''\^ generates H'^''{X; Z) for ah /c € {0, ... , i}; similarly, 

j;^^^ci{M)''\y generates H'^^{Y-Z) for all k e {0, Additionally, 

Vx = (j + 1), Ty = -(i + 1), A3^ = 1, and Ay = (-1)^+^ Therefore, by 
(1321), 



''^{cf\M)-iJ + l)ty^'{cf\M) + i^ + l)t)'-'-' ^<k<n. 

In particular, (j3.3p implies that ai\x = u and ai|y = v — t. Hence, if we let 
X = ai, then x^~^^{x + t)"' =0 and part (A) of Theorem [2] implies that 

c^\m)\^ = {l+xy+\l+x + ty+^^ and 

c^\M)\y = (1 + xy+\i + X + ty+\. 

Since the restriction map H*,{M;Z) i?*i(Af'5 ;Z) is injective, claim (A) 
follows easily. 

Now assume that the action is not semifree. By part (B) of Theorem [2] 
and Lemma 12.81 dimfX) = dim(y) and so i = ^(n — 1); moreover, 

(3.4) cf{M)\^=nu + nt and cf {M)\y = nv - nt. 

Hence, ^ci{M)''\^ generates H^''{X;Z) and ^ci{M)''\y generates H'^^{Y-Z) 
for all k G {0, Additionally, Tx = Ly = — n, A^ = 1, and 

Ky = 2*(-l)^+^ Therefore, by (fO) . 

^{^{cf\M)-ntf 0<k<i 
""^ \_L^(^cf\M)-nty'-\cf\M)+nt)'-'-' i < k < n. 

In particular, (13. 4p implies that ai\x = u, ai|y = v — 2t, aj+i|x = 0, 
and aj+i|y = ^(f — 2t)*+^. Hence, if we let x = ai and y = aj+i, then 
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+1 - 2y = and y{y + ^{{x + 2*)*+^ - x'+'^)) = 0. (Note that the latter 



expression does he in y, t], while the expression ^y{x + 2ty~^^ does not.) 



Moreover, part (B) of Theorem [2] implies that 

and 



^^s-^My _ ii + xy+Hi + x + 2ty+H^ + ^ + t) 



(M) 



^ 1 + 2x + 2i 

I _ (1 + + X + 2ty+^{l + x + t) 



Y 



l + 2x + 2t 

Since the restriction map i7*i(M;Z) ^ H*^{M^ ;Z) is injective, claim (B) 
follows easily. 

□ 

Finally, as we showed in 511 the fact that H*{M^^;'L) is torsion- free im- 
plies that H*{M;Z) = H*i{M;Z)/{t), where t generates 7r*(if2(CP°°; Z)). 
(See (12. 5p .) Therefore, Theorem [T] follows immediately from the proposition 
above. 

4. The case that the fixed components have minimal dimension 

Consider a Hamiltonian circle action on a compact symplectic manifold 
(M, io). Because M is symplectic, H'^\M; R) / for ah i G {O, . . . , ^ dim(M)} 
As we saw in the introduction, since the moment map is a Morse-Bott func- 
tion this implies that 

^ (dim(F) + 2) > dim(M) + 2, 

where the sum is over fixed components. In this section, we consider the case 
that the fixed components have minimal dimension, that is, ()1.2p holds. This 
assumption is closely related to the assumption that the even Betti numbers 
are minimal, that is, (jl.ip holds. For example, (|l.ip implies (jl.2p . 

Lemma 4.1. Let the circle act on a compact symplectic manifold (M, w) 
with moment map (jj: M — > M. Assume that h2i{M) = 1 for all i G 
{O, . . . , i dim(M)} . Then (dim(F) + 2) = dim(M) + 2. 

Proof. This claim is an immediate consequence of Lemma 3.3 in [5], which 
states that, for each i £ |0, . . . , ^ dim(M)|, there exists a unique fixed 
component F such that < 2i — 2Ai;' < dim(i^). (Lemma 3.3 itself follows 
from the facts that cj) is a perfect Morse-Bott function and that H'^^{F\ M) ^ 
for all fixed components F and i G |0, . . . , ^ dim(F)|). □ 

The following proposition - which is the main result in this section - gives 
a partial converse. 

Proposition 4.2. Let the circle act on a compact symplectic manifold {M,u)) 
with moment map (p: M M. Assume that X^^^^jsi (dim(F) + 2) = 
dim(M) + 2. Let X he the minimal fixed component. 

(1) F*(M;M) =F^(CP";M) for all i G {0, . . . , dim(X) + 2}. 



HAMILTONIAN CIRCLE ACTIONS WITH MINIMAL FIXED SETS 13 

(2) H*{X-R) = M['u]/u3din^(^)+i, where u = [uj\x]. 

(3) // [oj] is integral and the integers {(piX) — p(^(^M^x)^^ ^'"^ 
atively prim^, then H*{X;Z) = Z[u]/u^ '^^^^^^^^ , where u maps to 

Remark 4.3. If M is 6-dimensional, then ()1.2p implies (jl.ip . The same 
claim holds if M is 8-dimensional, unless M^^ has exactly three components: 
a minimal point, a maximal point, and a 4-dimensional component of index 
2. However, (|1.2|) does not imply in this case. 

To see the first two claims, consider a Hamiltonian circle action on a com- 
pact symplectic manifold (M, u) which satisfies (|1.2p . Clearly, H^{F;M.) = 
^dim(F)^^.jg^ = M for every fixed component F. Therefore, if every fixed 
component has dimension or 2, then (jl.ip follows from Lemma l4.4l b elow . 
In the remaining cases considered above, (II. ip follows from Lemma 14.41 and 
Poincare duality on M and F. 

To see the last claim, note that for any n > 2 there is a Hamiltonian circle 
action on G2{W^^'^) induced by the action on R"+^ ~ C x M" given by 

A • {z, Xi, . . . , Xn) = (Az, Xi, . . . , Xn)- 

(See Example II. 51 ) The fixed set has three components. Two are isolated 
fixed points which correspond to the orientations on the real two-plane C x 
{0}. The third component has dimension 2n — 4 and corresponds to the 
set of oriented real two-planes in {0} x M"'. Hence, (0 + 2) + (0 + 2) + 
(2n — 4 + 2) = 2n + 2, as required by (II. 2p . However, if n is even, then 

To prove Proposition 14.21 we will need the following analog of Lemma 3.3 
in [5]. 

Lemma 4.4. Let the circle act on a compact symplectic manifold (M, to) 
with moment map cf): M — >■ M. Assume that ^^^^^gi (dim(F) + 2) = 
dim(M) + 2. 

• For each i € {O, . . . , ^ dim(M)}, there exists a unique fixed compo- 
nent F such that < 2i — 2Xf < dim(F). 

• In particular, if X is the minimal fixed component, then dim(X) < 
2Ai;' — 2 for all other fixed components F. 

Proof Since M is symplectic H'^^M; M) / for alH G {0, . . . , i dim(M)}. 
Since </) is a Morse-Bott function, there is at least one fixed component F such 
that < 2z - 2Af < dim(F). Since E^cms^ (dim(F) + 2) = dim(M) + 2, 
this proves the claim. □ 

Remark 4.5. Consider a Hamiltonian circle action on a compact symplectic 
manifold (M, lo); assume that (jl.2p holds. Although we will not use them in 
this paper, several of the results in §3 of [5j still work in this context if we 



A set of integers is relatively prime if their greatest common divisor is 1. 
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use Lemma 14.41 above instead of Lemma 3.3 in [5]. For example, the proof 
of Proposition 3.4 and Lemma 3.7 in [5] otherwise go through without any 
changes. Therefore, for ah fixed components F and F', 

4>[F') < 4>{F) exactly if A^t" < Xp', moreover 
H^{M;Z)= W-'^^P{F;'L) M j, 

where the sum is over all fixed components. 

Lemma 4.6. Let the circle act on a compact symplectic manifold (M, co) 
with moment map (j): M — > M. Let X he the minimal fixed component and let 
¥ he a field. Assume that dim(X) < 2\f — 2 for all other fixed components 
F. Assume also that there exist classes u G H'^i{M;¥) and u G H'^{X;¥), 
such that u\x = u, and a fixed point y such that u\y ^ 0. Then 

H*{X;¥) =F[n]/n3dii^W+i. 

Proof Assume that, on the contrary, H*{X;¥) ^ FM/u5 

First, we claim that there exist a G H^(X;¥) and a G Hgi{M;¥) such 
that a 7^ 0, a\x = ot, and a\y = 0. To see this, note that at least one of the 
following is true: 

(a) there exists a non-zero class a G H'^^^^{X;¥) for some i; or 

(b) there exists a class a G H'^^{X;¥) which is not a multiple of 
for some i. (Since X is symplectic; H^'-{X;¥) / for all i G 
{0,...,idim(X)}.) 

If (a) is true, then since dim(X) < 2Xf for all other fixed components F, 
there exists a class a G H'^!'^^{M;¥) such that = a. (See (|2.2|) .l Since 
i/2j+i(([;;p°°;F) = 0, a\y = 0. Similarly, if (b) is true then there exists 

5 G H'^\{M;¥) such that a]^ = a. Since 7^ 0, we can define A = 

and then replace a by a — An* and a by 5 — A5*. 

Since F is a field, Poincare duality implies that there exists a class /? G 
fjdim{x)-j(^X;¥) such that aU(3 = u^'^'^^W. As before, there exists P G 
^dim{x)-j^^.jp^ such that = 13. Since uh'^^'^^^)\^ = (^5 U ^) |^, and 
since dim(X) < 2Air — 2 for all other fixed components F, we can conclude 
that = 5u^, But (aU/3)|^ = a\y^ \ = 0, while ^ 

^ 7^ ^- This gives a contradiction. □ 

We are now ready to prove our main result. 

Proof of Proposition \4.2[ By Lemma [4.4| dim(X) < 2Ai;' — 2 for every other 
fixed component F. Moreover, there is exactly one fixed component F with 
2\f = dim(X) + 2. 

By Lemma [221 there exists u G if|i(M;M) such that u\x = [i^\x] and 
u\y = t{(j){X) — 4>{y)) 7^ for all fixed points y ^ X. Since </» is a perfect 



HAMILTONIAN CIRCLE ACTIONS WITH MINIMAL FIXED SETS 



15 



Morse-Bott function, claims (1) and (2) are an immediate consequence of 
Lemma [ 



If [uj] is integral, then by Lemma 12.71 there exists u G i?|i(M;Z) and 
u £ H'^{X;'L) so that u\x = u, u\y = t{(j){X) — (p{y)) for all fixed points y, 
and u maps to [u!\x] € H'^{X;M.). If the integers {(p{X) — (t'{F)}p(^(^M-^x)s^ 
are relatively prime, then for any prime p there exists a fixed point y so 
that (j){X) - 4>{y) / mod p. Therefore, by Lemma |M1 H*{X;Zp) = 
7jp[u]/u2^^'^^'^^'^^ . On the one hand, by Lemma 14.71 below, this implies that 
H*{X;'L) is torsion-free. On the other hand, it implies that is primitive 
for alH E {0, . . . , ^ dim(X)}. Claim (3) follows immediately. 

□ 

Lemma 4.7. Let X he a compact manifold. Assume that H'^'^'^^^X; Zp) = 
for all i and all primes p. Then H*{X;'L) is torsion free. 

Proof. Since X is compact, the homology ring of X is finitely generated. 
Moreover, Hom(Z,Zp) = Zp for all primes p, while Hom(Zg,Zp) = Zp and 
Ext(Zg,Zp) = Zp if p divides q. Therefore, the claim follows immediately 
from the universal coefficient theorem. □ 

Lemma 4.8. Let the circle act on a compact connected symplectic manifold 
{AI,uj) with moment map 0: M — > M. Let X be the minimal fixed compo- 
nent. Let e^^ (Nx) G Hg^^^'^^ '^™*-"^''(X;M) be the equivariant Euler class 
of the normal bundle of X , and let Kx be the product of the weights (with 
multiplicity) on the normal bundle of X. 

(1) ^/Ei^cMsi (dim(F) + 2) = dim(M) + 2, then 

/ r, ,1 1 \|dim{F)+l 

Fc(M\X)'5 

where the product is over all fixed components except X. 

(2) More generally, e^ (Nx) is a non-zero multiple of 

Proof. By Lemma [2771 there exists u E //|i(Af;M) so that 

u\f = [u;\F]+tiHX)-^{F)) 
for each fixed component F. Hence 

{u\F + ti<t>{F)-<f>{X))y''''^^^^'-' = 
for all F, and so the class 

n {u+tim-Hx)))'^"''^^'^^' 

FciM-^xf^ 
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vanishes when restricted to any fixed component other than X. Therefore, 
Proposition 12.61 (apphed to —cj)) imphes that 

(4.9) n {[-^\x]+mF) - </>(X)))^^^'"(^)+^ = \e^\Nx) 

FciM^xf^ 

for some A € i?*(CP°°;M). This proves (2). 

Finally, if Efca/si (dim(F) + 2) = dim(M) + 2, then 

(dim(F) + 2) = dim(M)-dim(X). 

Fc{M\Xy'^^ 

Therefore, A G M, and by comparing the coefficients of t^'^MM)- ^dim{x) 
both sides of (j4.9p . we see that 

n (0(i^)-</>(x))^d-(mi=AAx. 

FC{M\X)^^ 

□ 



Remark 4.10. More generally, iiYlpcM-^^ (dim(F) + 2) = dim(M) + 2 and 
F is any fixed component, then 

I dim(F')+l 



<t,{F')«p(F) 

where e^^ {Np) is the equivariant Euler class of the negative normal bundle 
of F, Ap is the product of the weights (with multiplicity) in the negative 
normal bundle of F, and the product is over all fixed components F' such 
that (t){F') < (j){F). The proof for this more general case is nearly identical, 
except that it uses the fact that 

(dim(F') + 2) =2Af, 

4>{F')«t>{F) 

which follows from Lemma 14.41 and Remark 14.51 



Lemma 4.11. Let the circle act on a compact connected symplectic man- 
ifold (M, w) with moment map (p: M — > R. Let X be the minimal fixed 
component; assume that 2 < 2Air for all other fixed components F. If [uj] is 
a primitive integral class, so is [lo\x]- 

Proof. Since (p is a Morse-Bott function and 2 < 2Ai? for all other fixed 
components F, the natural restriction map from H'^{M;Z) to H'^{X;Z) is 
an isomorphism. □ 

Lemma 4.12. Let the circle act on a compact connected symplectic man- 
ifold {M,uj) with moment map (p: M R. Let X be the minimal fixed 
component; assume that dim(X) < 2Xf for all other fixed components F. If 
XloolxY is an integral class for some j G {O, • • • , ^ dim(X)} and A G R, then 
A {(j){X) — (t){F)y G Z for each fixed component F C M^^ . 
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Proof. By Lemma |2.7( there exists u E ff^i(M;M) such that u\f = [loIf] + 
t{(j){X) — (f){F)) for each fixed component F. Since (pis a. Morse-Bott function 
and dim(X) < 2Ai? for all fixed components F other than X, the natural 
restriction map from H'^\{M;Z,) to Hg\{X;'Z) is an isomorphism for all 
i G {O, . . . , ^ dim(X)| . Therefore, if Xu^x = is an integral class, 

then so is Xu^ . Therefore, for any y in a fixed component F, Xu^\y = 
X{4>{X) - (l){F)y ti is integral. □ 

5. The case that there are only two fixed components 

In this section, we turn to considering the implications of our other main 
restriction - the assumption that there are only two fixed components, X 
and Y . The key idea is to exploit the fact that each (nonempty regular) 
reduced space is a bundle over X and a bundle over Y; more specifically, it 
is the projectivization of the normal bundle to X and of the normal bundle 
to Y. 

Proposition 5.1. Let the circle act on a connected compact symplectic man- 
ifold {M,uj) with moment map (f): M ^M. Let X be the maximal fixed com- 
ponent and fix i € N. If the action is semifree, or ifH*(X;Z) is torsion-free, 
or ifi < dim(M)— dim(X), let R = Z; otherwise, let R = M. Given a regular 
value c G M so that M^^ n (p~^{c, +oo) = X, there is an isomorphism 

Kx,c-- H'g^{X-R)/e^\Nx) ^ F^i(0"^(c); i?) such that 

Kx,c(a|x) = a|0-i(c) V 5 G i7^i(M;i?). 

Here, e^^ (Nx) is the equivariant Euler class of the normal bundle to X. 

Proof. Assume first that the action is semifree, or H*{X;'Z) is torsion-free, 
or R = M. Then this claim is a special case of the theorem on the cohomology 
of reduced spaces proved in [6]; see Theorem 3 and Propositions 6.4 and 6.7. 

Alternatively, as we showed in f|2l if any of these criteria holds or if 
i < 2 Ax and R = Z, the long exact sequence in equivariant cohomology for 
the pair {Nx,Nx \ X) breaks into a short exact sequence: 

0^ H's^{Nx,Nx \X;R) ^ WsiiNx;R) ^ H's^iNx ■^X;R) ^0. 

Since Nx ~ X and Nx \ X ~ (p^^{c), by the Thom isomorphism theorem 
we can rewrite this short exact sequence as follows: 

^ ^ H's^{X-R) ^ Ws^{r\c)-R) ^ 0, 

where the second arrow is multiplication by e^^{Nx). D 

If there are exactly two fixed sets, this has the following corollary: 

Corollary 5.2. Let the circle act on a compact symplectic manifold (M, co) 
with moment map (f>: M — > M. Assume that M has exactly two fixed 
components, X and Y. Fix i £ N. If the action is semifree, or if i < 
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mm{dim(M)-dim(X), dim(M)-dim(y)}, let R = Z; otherwise, let R = R. 
There is an isomorphism 

f: Hy{X;R)/e^\Nx) ^ Hi.-,{Y- R)/e^\NY) such that 
f{a\x) = a\Y y ae H'^i{M;R). 

Moreover, 

f{[uj\x]) = [uj\Y]+t{HX)-cl){Y)) and 
s/([c^|x]) + (l-s)[c^|y] VsG(0,l). 

Proof. For simplicity, we may assume that (l){X) < (j)(Y). 
By Proposition 15. H for any c E [(j){X), (j){Y)^ 

f = {tiY,cr^ o Kx,c : H'si {X; R)/e^" (Nx) ^ F^i {Y; R)/e^' (iVy ) 

is an isomorphism such that f{a\x) = 5|y for all 5 G H^gi{M; R). 

By Lemma 12.71 there exists u G H^i(M;M) such that u\x = [^\x] and 
u\y = [co\y] +t{<l){X)-cj){Y)) . Therefore, f Mx]) = k|y] +t (<^(X) -0(y)) . 

Finally, fix any s G (0, 1) and let 

c = s<P{X) + {1 - s)(t>{Y) G {4>{X), ((>{¥)). 

Since c is a regular value, Lemma [2 .71 implies that Kc {u — t{(j){X) — c)) = lVc, 
where Kc is the Kirwan map and (Mc^c) is the symplectic reduction of M 
at c. Therefore, under the identification of Hgi{<p~^{c);M.) and //*(Mc;M), 

KY,c{s f{[uj\x] + (1 - 

= ^x,c {s [uj\x] + (1 - s) iHx] - t{(t>{X) - cPiY)))) 
= Kx,c{[io\x]-mX)-c)) 

= {u-t{(l){X) - C))|0-l(c) 

= Kc(n-t(0(X) -c)) 

= Wc. 

Since lOc 7^ 0, the final claim follows immediately. □ 

It is particularly easy to analyze the case where one of the two fixed 
components has codimension two. 

Remark 5.3. Consider an effective Hamiltonian circle action on a compact 
symplectic manifold (M, a;). Assume that M'^ has exactly two components, 
X and y, and that Y has codimension two. Then the fixed point data near 
Y is determined by the data near X. More precisely, there is a natural 
isomorphism 

H*{Y-Z) = Hl,{X-Z)/e'^\Nx)] 
under this identification, 

e{NY) = t and c{Y) = c{X)c^\Nx). 
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To see this note that, since rankc(A^y) = 1, the action must be semifree. 
Moreover, since e'^'(A^y) = -t+e(iVy), the inclusion H*{Y; Z) ^ H*^{Y; Z) 
induces an isomorphism from H*{Y]'L) to -ff^i(y;Z)/e'^^(A^y). Finally, 

c^\m)\^ = c{X)c^\Nx) and c^\M)\y = c{Y) (l + e'^' (A^y)) . 



Therefore, the claims follow immediately from Corollary 15.21 

On the other hand, if (X, a;) is any symplectic manifold and V is any 
complex vector bundle over X, we can use symplectic cutting to construct a 
symplectic manifold (M, which admits a Hamiltonian circle action with 
exactly two fixed components - one component is X and has normal bundle 
V , and the other component has codimension two. 

Additionally, when the two fixed components have minimal dimension, the 
Chern class of each component is determined by the Chern class of its normal 
bundle and the weights of the isotropy action on the other component. 

Lemma 5.4. Let the circle act on a compact symplectic manifold (M, lo) 
with moment map (/>: M ^ M. Assume that has exactly two compo- 
nents, X and Y , where dim(X) + dim(y) = dim(M) — 2. Under the natural 
isomorphism 

H*{X) ^ H*,{X)/ {[u;\x] + t{^{Y) - 0(X))) 
the total Chern class of X is 



c{X) 



c-'iNx 



where the product is over the weights (counted with multiplicity) A in Ny- 
Here, Nx and Ny are the normal bundles to X and Y , respectively. 

Proof. By Corollary 15.21 there is an isomorphism 

/ : F^i {X- M) /e'^' {Nx) ^ H*g, {Y; M) /e^' {Ny) such that 

f{t)=t, f{c^\M)\^)=c^\M)\y, and f{u) = v-mt, 

where u = v = [oj\y], and m = (piY) — (j){X). 

Fix a point y €Y. Since f{u + rnt)\y = 0, the composition of / and the 
restriction map 

l;-. F*i(y;R)/e^'(iVy) ^//*i({y};R)/t5dim{M)-idim{y) 
induces a map 

g: H*^{X;R)/{u + mt,e^\Nx)) ^ H*^{{y};R)/t^'^''^^^'^^'^'^''"^^^ so that 
g{u) = -mt and g{c^\M)\x) = c^\m)\ = Y[{1 + Xt), 
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where again the product is over all the weights A in Ny- Moreover, since 
dim{X) + dim(y) = dim(M) — 2, Lemma 14.81 implies that 

ci / u \ ^ dim(y)+l 

e''\Nx)=Ax(t + -y ; 
V m/ 

in particular, e^^ (Nx) is a multiple of u + mt. Therefore, 

H*gi {X;R)/{u + mt, e^' (Nx)) = H*, (X; M)/ (n + mt) . 

Finally, Proposition 14.21 implies that 

H*{X;R) =M[n]/n5di>^W+i. 

Therefore, g is an isomorphism. Since {M)\x = c{X)c'^\Nx), the claim 
follows immediately. □ 

6. Proof of the main theorem for semifree actions 

In this section, we prove the main theorem in the case when the circle 
action is semifree, i.e., the action is free outside fixed point set. 

Proposition 6.1. Let the circle act on a compact symplectic manifold (M, uj) 
with moment map (f): M —>■ M.. Assume that has exactly two compo- 
nents, X and Y , and that dim(X) + dim(y) = dim(M) — 2. Also assume 
that the action is semifree. Then 

H*{X-Z) = Z[u]/u5<i™(^)+i and H*{Y;Z) = Z[v]/v'^'^''^'-^^+^; 
c{X) = (1 + n)^'i™(^)+i and c{Y) = (1 + dim(y)+i. 
c{Nx) = {l + u)^'^''^^^^+'^ and c{Ny) = {I + v)^ '^''^'■^^+^ ; 
where Nx and Ny denote the normal bundles to X and Y , respectively. 

Proof. Clearly, the proposition holds if dim(X) = dim(y) = 0. Without 
loss of generality, we assume that (t){X) < (f){Y) and that dim{X) > 0. By 
assumption, there exist natural numbers i > and j such that 

(6.2) dim(X) = 2i, dim(y) = 2j, and dim(M) = 2i + 2j + 2; hence 

(6.3) rankc(A^x) = J + 1 and rankc(A'^Y^) = i + 1. 
By Proposition 14.21 and Lemma l4.8t 

(6.4) H*{X;R) =R[u]/u'+^, where u = [lu\x], and 

(6.5) e^' (Nx) = (t+ —Y^^ , where m = (f>{Y) - (t>{X). 



m 

Since the action is semifree, (|6.5p and Lemma |2 . 81 implv that the total equi- 
variant Chern class of Nx is 

(6.6) c'\Nx) = (l + t + ^Y^\ 

V m/ 
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Similarly, ()6.3|) , (16. 6p , and Lemma 15.41 imply that the total Chern class of 
X is 

1 + -) = l + (i + !)- + ••• + + 
By (|6.4p and (|6.7p . the Euler characteristic of X is 

(6.8) i + l = Y,{-^f^^^{H\X;m))= [ c,(X) = (i + l) / 

Therefore, 4 G i/^*(X;R) is a primitive integral class. By multiplying [oj] 
by a constant, we may assume that [co] is also a primitive integral class. 
Hence, u = [u!\x] £ H'^{X;W) is a primitive integral class by Lemma 14.111 
By Poincare duality, these two facts imply that ^^^-j- G /7^*~^(X, R) is an 
integral class. By Lemma |4.12^ this implies that m* divides m*~^, that is. 



(6.9) m = 1. 
By Proposition 14.21 ttiis implies that 

(6.10) if*(X;Z) = Z[n]/n*+\ 

Since nearly identical arguments can be applied to Y, the claim now follows 
immediately from and (f6ll]]l . 

□ 



7. ISOTROPY SUBMANIFOLDS 

Let the circle act effectively on a compact symplectic manifold (M, u). 
If the action is not semifree, then the assumption that there are only two 
fixed components induces strong restrictions on M itself and on its isotropy 
submanifolds, especially if the fixed components have relatively simple co- 
homology. Here, an isotropy submanifold is a symplectic submanifold 
M^'' C M which is not fixed by the action, but is fixed by the action 
for some k > 1. 

We begin with some results which do not depend on the cohomology of 
the fixed components. 

Lemma 7.1. Let the circle act effectively on a connected compact symplectic 
manifold {M,uj) with moment map (p: M — >■ R. Assume that M has exactly 
two fixed components, X and Y . 

• If the action is not semifree, then dim(X) = dim(y). 

• Given an isotropy submanifold Q C M , there exists a cohomology 
class a G ^^^(^^-'^''"(^^(M; Z) so that 

a\x = e^\N'^) and 5|y = ±e^' (iV^), 
where nS and nS are the normal bundles of X and Y in Q. 
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Proof. Assume that the action is not semifree, and fix any isotropy subman- 
ifold Q C M. Consider a cohomology class fi G iJ^r^'^^"'^'°'^^^(M; M). 
By applying Corollary 15.21 to € H^^^^'^^ ^^^^^\Q;'K), we see that 
fj,\x is a multiple of e^'(iV^) G H*,{X;R) exactly if is a multiple of 

Since (/) is equivariantly perfect, there exists a G i/^™^'^^ (M; R) 

such that 5\x = e^\N'^). Similarly, there exists p G Hf^^^'^~'^''^^^\M;R) 
such that /3|y = ^^^(A^y ). By the first paragraph, Q|y = ae^^ (Ny) for some 
a G Hfr^^'^-''"^^''\Y-R) and^lx = ^^'(A^^) for some 6 G ^dim(x)-dim(y)^^ 
Then (/3 — ba)\x = 0; hence the fact that 

dim(Q) - dim(y) < dim(M) - dim(y) = 2Ay 

implies that (/3 — 65) |y = 0. On the other hand, by a direct computation, 
(/3 — 65) |y = (1 — ab)e^^ (-^y )• This is only possible if ab = 1, which implies 
that a and 6 are constants. Therefore, 

dim(X) = dim(y). 

Since dim((5) — dim(A) = dim((5) — dim(y). Corollary 15.21 implies that for 

any cohomology class fi G Z/^™^'^^ ^-j^ jg integer multiple 

of e^^{N^) G F^i(A;Z) exactly if /i|y is an integer multiple of e^^{N^) G 
H*^{Y;Z). Moreover, since dim(Q) - dim(X) < dim(M) - dim(y) = 2Ay, 

there exists an integral class 5 G -ff^™*-'^^ '^"^^"'^^ (M; Z) such that a\x = 

e^^{N^). Therefore, a G Z. By a similar argument, 6 G Z. Since a6 = 1, 
this implies that a = 6 = ±1. □ 

Corollary 7.2. Let i/ie circle act effectively on a compact symplectic man- 
ifold {M,uj) with moment map 4>: M — > M. Assume that M has exactly two 
fixed components, X and Y, and that the action is not semifree. Then 

"X = — Sy, 

where and Hy denote the multisets of weights (counted with multiplicity) 
for the isotropy action on Nx and Ny, respectively. 

Proof. Consider any k > 1. Since M^^ has only two components, if there 
exists any points with stabilizer Z^, then the isotropy submanifold M^*^ is 
connected and contains X and Y. Moreover, since the action is not semifree, 
dim(X) = dim(y) by Lemma 17.11 Therefore, k divides exactly the same 
number of weights in 'Ex and Hy . □ 

Lemma 7.3. Let A be a set of relatively prime natural numbers ai < ■ ■ ■ < 
ajy- Assume that for each i and k in {1, ... , N}, there exists j G {1, . . . , A^} 
such that ai + = mod a^. Then ai = i for all i. 
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Proof. The claim is obvious if A'^ = 1. Assume that the claim holds for 
N-1. 

Consider any i £ {1, . . . , A'' — 1}. By assumption, there exists j G 
{!,..., N} such that Oj + Oj = mod oat. Since Oj < un and aj < ajy, this 
implies that Ui + aj = a^- Since ai < • • • < on-i, this immediately implies 
that 

ai + aN-i = aN V « G {1, . . . , - 1}. 
Let A' = {ai, . . . , qn-i}- Since the elements of A are relatively prime, the 
equation above immediately implies that the elements of A' are relatively 
prime. Moreover, fix i and A; in {!,... ,A^ — 1}. By assumption, there exists 
j G {1, • • • , A^} such that Oj + Oj = mod Ofc. Moreover, if j = N, then 
since ak + flAr-fe = this implies that 0^ + 0^ + ajy-k = mod Ofc, and 
hence ai + aN~k = mod ak- By the inductive hypothesis, this implies that 
j4' = {!,... ,A^— 1}. The result follows immediately. □ 

Lemma 7.4. Let the circle act on a compact symplectic manifold (M, w). 
Let p and q be fixed points which lie on the same component N of M^'' for 
some k > 1. Then the weights of the action at p and at q are equal modulo 
k. 

For a proof of this lemma, see Lemma 2.6 in [5]. 

Proposition 7.5. Let the circle act effectively on a compact symplectic 
manifold {M,uj) with moment map (j): M M. Assume that has 
exactly two components, X and Y . Then there exists A^ G N so that the set 
of distinct weights for the isotropy action on Nx is {1, . . . , A^}. 

Proof. Let A = {ai, . . . , a^} C N be the set of distinct weights for the 
isotropy action on Nx ■ By Corollary 17.21 the set of distinct weights for the 
isotropy action on A^'y is {— oi, . . . , — oat}. Moreover, by Lemma EH for 
each i and in {1, . . . , A^}, there exists j G {1, . . . , A^} such that Oj = —aj 
mod Ofc. Finally, since the action is effective, oi, . . . , ax are relatively prime. 
Therefore, Lemma 17.31 implies that A = {1, 2, • • • , A^} for some A^ G N. □ 

The remaining results depend on the cohomology of the fixed components. 

Lemma 7.6. Let the circle act effectively on a compact symplectic manifold 
(M, w) with moment map (f): M —>■ M.. Assume that has exactly two 

components, X and Y . Assume that 62 (^) = 1; O'nd let Q M be an 
isotropy submanifold such that dim{Q) — dim(y) = 2. Then 

ci(Ar«) = 0, 

where denotes the normal bundle to X in Q. 

Proof. By Lemma 17. 1|. dim(X) = dim(y). Since dim(M) > dim(Q), the 
fact that dim((5) -dim(y) = 2 implies that dim(M) - dim(X) = dim(M) - 
dim(y) > 2. Hence, H^{M;R) = H^{X;R) = H'^{Y;R) = R. In particular, 
after possibly multiplying [uj] by a constant, we may assume that [ti;] is a 
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primitive integral class. The induced /'Lq action on Q = M « is semifree, 
and the moment map for this action is = ^. Let u = [oj\x\, v = [a;|y], 
and m = (j)'{Y) - (j)'{X). 

Since dim(Q) - dim(y) = 2, e^\N^) = -t + e{N^) and so H*{Y; Z) ~ 
H*,{Y;Z)/e^\N^) (see Remark[0]); similarly, e^'(iV|) = t + e{N^) and 
H*{X-Z) ~ H*,{X;Z)/e^\N^). Therefore, by Corollary O (applied on 
Q), there exists an isomorphism /: H*{Y;Z) — > H*[X]'L) so that f{v) = 
u — me{N^) and so that sf{v) + (1 — s)u ^ for all s G (0, 1). On the one 
hand, by Lemma 14. IH both u and v are primitive integral classes. Since 
/ is an isomorphism, jiv) is also primitive. Since iif^(X;M) = M, this 
implies that f{v) = itti. On the other hand, since i7^(X;M) = R, the fact 
that sf{v) + (1 — s)u 7^ for all s E (0, 1) implies that f{v) is a positive 
multiple of u. Together, these two claims imply that f{v) = u. Since 
f{v) = u-me{N^) and m^O, this implies that ci{N^) = e{N^) = 0. □ 

Lemma 7.7. Let the circle act on a compact symplectic manifold {M,uj) 
with moment map (p: M M.. Assume that has exactly two compo- 
nents, X and Y . Assume that b2{X) = 1, and let Q M be an isotropy 
submanifold such that dim(Q) — dim(y) > 2. Then 

ci{Nq\x) = 2Tq-, 
m 

where Nq is the normal bundle of Q in M , Tq is the sum of the weights 
(counted with multiplicities) of the isotropy action on Nq\x, rn = (piY) — 
(j){X), and u = [i^\x]- 

Proof. By Corollary 17.21 the sum of the weights (counted with multiplicity) 
of the 5^ action on NQ\y is —Tq. Hence, 

cf\NQ)l = TQt VxGX, and cf (A^q)|^ = -Lq i V y G F. 

By Lemma 12.71 there exists u G Hgi{Q;M.) such that u\x = u and u\y = 
V - mt, where v = [oj\y]- Since H'^{X]M.) = M and dim(Q) - dim(y) > 2, 
there exists a and 6 in M such that 

(^T{^q) = au + b{u + mt). 

Therefore, 

cl\NQ)\^ = bmt VxGX, and cf {NQ)\y = -amt ^ y (^Y. 
The claim follows immediately. 

□ 

Lemma 7.8. Let the circle act effectively on a compact symplectic man- 
ifold {M,uj) with moment map (p: M R. Assume that has ex- 
actly two components, X and Y . Assume that b2i{X) = 1 for all i £ 
{0, ...,idim(X)}. Finally, assume that the action is not semifree, and split 
Nx = 0A: ^fc; where Nx is the normal bundle to X in M and C Nx is 
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the subbundle on which acts with weight k. Let V C Nx be the direct 
sum of some subset of the Vk 's. If ranked > 1, then 

11 

ci{V) = vTv — , where < < 2. 
m 

Here, Vy is the sum of the weights (counted with multiplicities) of the 
action on V, m = (p{Y) — (j){X) and u = [w|x]- 

Proof. Let Q = M^' C M be an isotropy submanifold. By Lemma 17.1^ 
dim(X) = dim(y), and there exists a G //|i(M;]R) so that 

(7.9) a\x = e^\N'^) and 5|y = ±e^' (AT^). 

Here, n'^ and Ny denote the normal bundles of X and Y , respectively, in 
g, and dim(Q) - dim(X) = dim(Q) - dim(y) = 2r. 

Let denote the product of the weights (counted with multiplicity) of 
the isotropy action on N'^. By Corollary 17.21 the product of the weights of 
the isotropy action on Ny is (— 1)''A^. Hence, 
(7.10) 

e'\N'^)l = K%f VxGX, and e^^iV^) |^ = (-l)'-A^t'- M y eY. 

By Lemma l2.7( there exists u G ff|i(M;M) such that u\x = u and 
u\y = V — mt, where v = [uj\y]- Since X is symplectic and b2i{X) = 1 for 
alH G {O, ...,idim(X)}, 

Hence, since dim(M) — dim(y) > dim{Q) — dim(y) = 2r, we can write 



(7.11) a = y^ai( — ] (— + t] , where 



U \ I U 
J \m 

(7.12) a\x = a^f M x ^ X, and di\y = ar{—tY y y £ Y. 

Combining equations (|7.9p . (j7.10p . and (j7.12p . we see that oq = ±ar. There- 
fore, (j7.1ip implies that 

e^^ (Ny) = Oi ( (—+t^ , where ao = iCf.. 

On the other hand, split Nx = Vk, where Vk C Nx is the subbundle 
on which acts with weight k. By Lemma 14.81 (^ -|- 2 '^™("'^)+^ jg 
multiple of e^^{Nx)- Since 

e^'(iV^) = J]e^'(Vfc) G /^^^^'^(X; M) ~ M[n, dimW+i^ 

this implies that the e'^^(VA;)'s can be identified with polynomials in C[u, t] 
whose product divides + i)idim{x)+i ^ ^^^^ i dim(x)+i ^^^^ ^ ^ ^_ 
Write 
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where rk = rankcV^; note that 0^,0 = 1- Since 

1 1 |dim(X) ^ 

— + t] + A— = TT — + t + edi-(-^)+2 A— 

i=o ^ 

this imphes that for ah k, 

|afc,rj = lAT* and |afc,i| < rfc|A|. 

Moreover, if r,fc > 1 then |afc,i| < '^fc|A|, while if = r^/ = 1, then a^^i 7^ 
Ofc/^i unless k = k'. Since A''^ = 0„Ki<j5 Nq\x is the direct sum of the 
remaining V^'s. Hence, the fact oq = ia,. implies that |A| = 1. Therefore, 
(since (Vfc) is real) 

e'^^(^fc) = {ktY'' + Vkkrk — {ktY''~^ + lower order terms, 

m 

where < i^a: < 2 for all k except possibly: 

• at most one k such that = 1 and Vk = 0; and 

• at most one k such that = 1 and = 2. 

By Lemma |2.8[ 

ci(Vfc) = Vkkrk — - 
m 

The claim follows immediately. □ 

Proposition 7.13. Let the circle act effectively on a compact symplec- 
tic manifold {M,uj) with moment map (f>: M M. Assume that 
has exactly two components, X and Y , and that b2i{X) = 1 for all i G 
{0,...,idim(X)}. 

• No point has stabilizer for any k > 2. 

• // the action is not semifree, then 

dim{M^^) - dim{Y) = 2 or dim(M) - dim(M^2) ^ 2 (or both). 

Proof. To begin, let Q C M he an isotropy submanifold such that dim{Q) — 
dim(y) > 2 and dim(M) — dim(Q) > 2. Let Nq be the normal bundle of 
Q in M, Tq be the sum of the weights (counted with multiplicity) of the 
isotropy action on Nq\x, ni = (j){Y) — cj){X), and u = [uj\x]- By Lemma [7^ 

u 

ciiNQlx) = i^Tq — , where < 2. 
m 

On the other hand, the fact that dim(M) — dim{Q) > 2 implies that 
dim(M) — dim(y) > 2. Since <^ is a perfect Morse-Bott function, dim{X) > 
0, and so 62 (-^) = 1 by assumption. Hence, by Lemma 17.71 

1] 

ci{Nq\x) = 2Tq-. 

m 

This gives a contradiction. Therefore, for any isotropy submanifold Q C M, 
(7.14) dim(g) - dim(y) = 2 or dim(M) - dim(Q) = 2 (or both). 
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Let Nx be the normal bundle to X. By Proposition 17.51 there exists 
€ N so that the set of distinct weights for the isotropy action on Nx is 
{1,2,..., N}. Split Nx = X^fcLi ^fci where Vk is the subbundle of Nx on 
which 5^ acts with weight k. 

Assume that N > 2. Then it is easy to check that dim(M) — dim(M^'=) > 
2 for all G {2, . . . , A^}. By (17141) . this implies that dim(M^'=)-dim(y) = 2 
for all such k. Therefore, by Lemma 17^ ci{V]\f-i) = and ci(V/v) = 0, and 
so ci(yN-i © Vjsr) = 0. This contradicts Lemma 17.81 which implies that 

ci{VNeVN-i)^o. □ 



8. Proof of the main theorem for actions which are not 

semifree 

In this section, we prove the main theorem in the case that the circle 
action is not semifree. 



Proposition 8.1. Let the circle act effectively on a compact symplectic 
manifold (M, w) with moment map cp: M — > M. Assume that has 
exactly two components, X andY , and that d\m.{X)+d\m.iY) = dim(M)— 2. 
Also assume that the action is not semifree. Then 

H*{X- Z) = Z[u]/u^+^ and c{X) = (1 + 
H*{Y; TL) = Z[v]/v'+^ and c{Y) = (1 + v)'^^] 
where dim(X) = dim(y) = 2i. 



Moreover, no point has stabilizer Ij}^ for any k > 2; dim(M^2^ = dim(M) — 2; 
c[Ni^ji^)\^ = l + u and c(A^^^Z2) |y = 1 + 

c(iVr^)L = ii±^ and c(iVr)L = ii±^, 
\ X )\x l + 2u \ y )\Y l + 2v ' 

where Nj^jz^ denotes the normal bundle of M^^ ]\^^ qj^]^ N^^^ and Ny^^ 
denote the normal bundles of X and Y, respectively, in M^^ . 

Proof. This claim follows from Lemmas 18.21 18.31 18.151 and 18.341 □ 



To begin, note that the following lemma is an immediate consequence of 
Propositions 14.2! and 17.131 

Lemma 8.2. If the assumptions of Proposition [KT\ hold, then no point has 
stabilizer for any k > 2. 
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Lemma 8.3. If the assumptions of Proposition [K7\ hold and, additionally, 
dim(M^2) _ dim(y) = 2, then 

dim(M) = 6 and dim(X) = dim(y) = 2; 

H*{X; Z) = Ziuj/u"^ and H*{Y; Z) = Z[v]/v^; 

c{X) = l + 2u and c{Y) = l + 2v; 

c(A^^,jZ2)|^ = 1 + and c(A^^jZ2) |y = 1 + ^; 

c{Nf')\^ = l and c{Np'^')\y = I. 

Proof. Without loss of generality, we may assume that < (f){Y). By 

Lemma |7. 11 since the action is not semifree, dim(X) = dim(y); hence there 
exists i G N such that 

(8.4) dim(X) = dim(y) = 2i and dim(M) = 4i + 2. 
By assumption, 

(8.5) dim {m'^^) - dim(y) = 2. 
By Proposition 14.21 

(8.6) H*{X;R) = M[n]/n*+\ where u = [uj\x]. 
By ([83D, (iSl), and Lemma HSl 

(8.7) (Nx) = 2(t+—] , where m = (j)(Y) - (P(X). 

\ mJ 



Here, Nx is the normal bundle to X in M. Moreover, by Lemma 17.61 and 

T5D, 



(8.8) e''\Nf')=2t. 

Since e^\Nx) = e^' (iV^ e^' {Nmz,,)\j^, ([SZD and ^ imply that 

(8.9) e^' (Nm^, \\ -l(t+-Y^^ =f + {i + l)-f-^ + --- + ii + l)^. 
By dlS]), (ESI) and Lemma ESI 

(8.10) c^'(A^MZ2)L = + t + and c^\Nf')=l + 2t. 

^ 1 + 1 \ m/ 

Therefore, since c^' (Nx) = c^' {N^z, )\^c^' {N^^'), 

(8.11) c^{Nx)={l + t+ ^ 



mJ I + t 



HAMILTONIAN CIRCLE ACTIONS WITH MINIMAL FIXED SETS 29 



By Lemma EH ([831) and (f8lT]l imply that, 



c{X) 



1 - 2^ 



m 

U / U\'i' 



(8.12) ^ (^ + ^)' + ^ ( 1 + 

1-2^ mV m 

= l + (i + 3)- + --- + (3^+i)^. 
By (I8.6p and (18.120 , the Euler characteristic of X is 



u 
X 



Therefore, G is a primitive integral class. On the other 



hand, since e (Nx) is an integral class, (|8.9p implies that (i + 1)-^ is an 

3»+i 



integral class. Combined, these two facts imply that is an integer. 



But this is impossible unless 

(8.13) i = 1, 

and so 2— G i^^(M;M) is a primitive integral class. By multiplying u; by a 
constant, we may also assume that [uj] is a primitive integral class. Hence, 
u G i7^(M;]R) is a primitive integral class by Lemma 14.111 Therefore, 

(8.14) m = 2. 

Since nearly identical arguments can be applied to Y, the claims now follow 
from (I83D, (IHlnD . (HH, dM]), (I813D . and (|8T4]) . □ 

Lemma 8.15. If the assumptions of Proposition f^TTl hold and, additionally, 
dim(M^2) _ dim(y) > 2, then 

dim{X) = dim(y) = 2i > 2 and dim(M^2) ^ dim(M) - 2; 

if* (X;Z) /torsion = Z[n]/n*+^ and H* {Y;Z)/ torsion = Z[v]/v'+'^] 

c{X) = {l + uy+^ and c(y) = (l + w)*+^ 

c(^MZ2)|x = 1 + "'^^ c(iVA'/Z2)|y = 1 + 

c(iVr^) = il±^ and c(iVr)=ii±^, 
^ ^ ^ l + 2u \ Y J l + 2v ' 

where the last six equations are as elements of H*{X;M) or of H*{Y;M). 

Moreover, if 4>{Y) > (p{X) and [lo] is a primitive integral class, then 
<PiY) - cPiX) = 2. 

Proof. Without loss of generality, we may assume that (pi^) < 4'0^)- By 
Lemma |7. 11 since the action is not semifree, dim(X) = dim(y); hence there 
exists i G N such that 

(8.16) dim(X) = dim(y) = 2i and dim(M) = 4i + 2. 
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Since dim (M^^) — dim(y) > 2, Proposition 17. 131 implies that 

(8.17) dim(M) - dim (M^^) = 2. 
By Proposition 14.21 

(8.18) H*{X;R) = M[n]/n*+^ where u = [uj\x]- 
By iKWi and IKT7\\ and Lemma SSI 



(8.19) (Nx) = 2' (t + —) , where m = (l)(Y) - (j)(X) . 

Here, Nx is the normal bundle to X in M. Moreover, since dim 
dim(y) > 2, Lemma 17.71 imphes that 

(8.20) e'\N,,^,)\^=t + 2^. 

Since e^\Nx) = e^' (A^^ e^' (A^m^s) |;^, (I839D and (18:2(1 imply that 

(8.21) e^Uxf') = ^^^^^fr' - 

m 

By Lemma ESI iK20\i and HKTlh imply that 



(8.22) c^' (iVj,,,z, ) 1^ = 1 + 1 + 2- and c^' (iVj^"^ ) 



5V.,M^n (l + 2t + 2^)'+i 



Therefore, since c^'(A^x) = c'^' (A^x c^' (A^mZ2) |x' 

(8.23) 

By Lemma El (l8J6]l . (IHTT]) . and (l8:23D imply that 

(8.24) c{X) = (l + 2-^"' = 1 + (i + 1)2- + . . . + (i + 1) f2- 
By ([81^ and (fSlMD the Euler characteristic of X is 

{i + l)2' [ 4= / q(X) = V(-l)'^dim/7'^(X) = i + l. 

So 2*4 G H^\X,Z) is a primitive integral class. By multiplying u; by a 
constant, we may assume that [uj] is a primitive integral class. Hence, u is a 
primitive integral class by Lemma r4.11[ On the one hand, since {^m^2 ) \x 
is an integral class, (j8.22p implies that ^ G Z. On the other hand, since ti* 

is an integral class and is a primitive integral class, ^ G Z. Together, 
these imply that 

(8.25) m = 2 and is a primitive integral class. 

Since nearly identical arguments can be applied to Y, claim now follows 
from ([8l8D . HjKm . i^M), and (^M). □ 
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Lemma 8.26. Let the circle act on a compact symplectic manifold {Q,uj) 
with moment map (f): Q M. Assume that there are exactly two fixed 
components, X and Y . Assume that dim(X) = dim(y) = 2i and dim(Q) = 
4i for some i > 1. Let F 6e M or T^p, and when F = Zp, we assume that the 
action is semifree. Let 

e^\N^) = Ay {f + /if"^ + lower order terms) G Hf^{Y;¥), 

where Ny is the normal bundle to Y in Q. Assume also that there exist 
classes u and fx in Hl^{Q;¥) such that 

(1) u\x = for all X € X; 

(2) u\y / for all y G Y; 

(3) J1\y = IJ-; and 

(4) Jl\x ^ —it for all x £ X . 

Then i?2fc+i(X;F) = for all k. 

Proof. Assume on the contrary that there exists a non-zero class a G H^^^^{X; F) 
for some k. By assumptions (1) and (2), there exist u and v in H'^{X;¥) 
and a non-zero m G F such that 

(8.27) u\x = u and u\y = v + rnt. 

Since F is a field, Poincare duality implies that there exists j3 G H'^^^'^^"^ {X ; F) 
such that a U P = u*. Since 2k + 1 and 2i — 2k — 1 are both smaller 
than 2Ay = dim{Q) — dim(y), there exist classes 5 G H'^i'^^{Q;¥) and 

P G Hf-^''-^{Q;¥) such that a\x = a and = /?• 

Since H*g^{Y;¥) = H*{Y;¥)[t], we can write a|y = Y.a2j+it'''^ and 
PIy = J^hj+it'-'''^-^, where 02^+1 and 62^+1 he in H^^+'^{Y;¥) iov all 
j. Moreover, since 1 < 2i, there exist classes oi G -ff^i((5;F) and bi G 
i?^i(Q;F) such that ai|y = ai and6i|y = 61. Finally, since iJ^(CP°°; F) = 
for all X £ X , ai\x = bi\x = 0. Therefore, 

(8.28) (5 up)\y = (ai U 61) f + lower order terms, 

(8.29) (ai U fei) 1^ = ai U fei, and 

(8.30) (5iU6i)|^, = 0. 

Since the action is semifree when F = Zp, we have the short exact sequence 
112:2]) for both F = R and F = Zp. Since dim(Q) - dim(y) = 2i and 

u'\^ = (5 U /?) 1^, by ([22]), there exists c G F so that 

(8.31) {aUP)\y = V\y + ce^\N^) 

= [mH^ + ivm^'^f^^) + Ay (cf + c^f + lower order terms. 
Comparing the highest order terms of ()8.28|) and (I8.3ip . we see that 

cAy = -m\ 
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Hence, by comparing the next highest order terms, we see that 

ai U 61 = m*~^ {iv — mpL) . 
By ()8.27p . (I8.29p . and assumption (3), this imphes that 

(ai U 61) \y = rrC"'^ {iu — imt — mjl^ \y. 
Since 2 < dim(Q) — dim(X) = 2i, this imphes that 

(8.32) oi U 61 = {iu — imt — mji) . 
But by (j8.27p and assumption (4), 

(8.33) m*"^ (in - imt - mjl) \^ 7^ V x G X. 

Clearly, (IHTHH . (l832l) . and (f8:33]l give a contradiction. □ 

Lemma 8.34. If the assumptions of Proposition [8A\ hold, then H* {M^^ ■,'L) 
is torsion-free. 

Proof. By Lemma 18.21 no point in M has stabilizer Z^, for any k > 2. 
By Lemma 18.31 the cohomology H*{M^ ; Z) is torsion- free if dim (M^^) _ 
dim(y) = 2, and so we may assume that dim(M^2^ - dim(y) > 2. By 
Lemma 18.151 dim(X) = dim(y) = 2i and dim(M^2) = 4^ for some i > 1. 

By Lemma 18.151 /7^(M;M) = M. Therefore, by multiplying a; by a con- 
stant, we may assume that [lo] is a primitive integral class. The induced 
effective = 8^/1^2 action on M^^ semifree, and the moment map 
for this action is (f)' = (/>/2. By Lemma 18.151 (piY) — (j){X) = 2, and so 
(f)'{Y) — (p'iX) = 1. Hence, by Lemma 12.71 there exists an integral class 
u G i?|i(M^2;M), such that 

(8.35) u\^ = [uj\x] e Hl,{X;R) and = [cj|y] - t G (F; M). 



In particular, for any prime p, there exists u G H^i (M^^ ■ ^p) such that 
u\x = for all X G X and u\y / for all y 

By Lemmas 18. 151 and 12. 8|. the equivariant Euler class of the normal bundle 
of Y in (^for the semifree 5*^/^2 action on M^^ ) is given by 



e 



t + 2v 

{t - vy+^ 2v ^ , \ 

1 H h lower order terms 



= t ; 

= (-1)* (f + (1 - i)vf-^ + lower order terms) G Hf^ (M^^. 
where v = [u:\y] G H'^{Y;M). Moreover, by (ISrSSll . 

(8.36) {l-i){u + t)\y = {l-i)v, and 

(8.37) {l-i){u + t)\^ = {l-i)t VxGX 
Finally, fix any prime p, and write 

e^'{N^''^) = {-ly {f + fxf'^ + lower order terms) G Hf,{Y;Zp), 
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where /u G H'^{Y;Zp). Since 2 < dim(M^2) _ dim(X) = 2i, there exists a 
unique Jl € Hgi{M'^^;'Ijp) such that /I|y = /x. By the preceding paragraph, 
Jl\^ = (1 - z)t ^ -it G if2(CP°°;Zp). By Lemma E^Sl this imphes that 
Zp) = for all k and all primes p. By Lemma [4. 7| this proves the 
claim. □ 

Remark 8.38. In fact, we can use Lemma 14.61 to give a simpler proof that 
if2fc+i(M^^.^^) = for ah k>2. 

Appendix A. Possible stabilizer subgroups 

The goal of this appendix is to prove the following proposition. 

Proposition A.l. Let the circle act effectively on a compact symplectic 
manifold {M^uj) with moment map cp: M — > M. Assume that has 
exactly two components. Then no point has stabilizer for any k > 6. 

Proof. Let X and Y be the fixed components. Let Hx denote the multiset of 
weights for the isotropy action on the normal bundle to X. By Corollary [721 
if the action is not semifree, the multiset of weights for the isotropy action 
on the normal bundle to Y is — Hx- By Lemma 17.41 'Ex = —Ex mod a for 
each a € Ex- Finally, since the action is effective, the weights in Ex are 
relatively prime. The result now follows immediately from Lemma lA. 21 □ 

Lemma A. 2. Let W be a multiset of natural numbers which are relatively 
prime. Assume that W contains exactly N distinct numbers ai < • • • < 
which have (non-zero) multiplicities mi, . . . ,misf , respectively. Let —W be 
the multiset of negative integers which contains — ai, . . . , —ax with the same 
multiplicity. Assume that W = —W mod for all i € {1, . . . , N}. Then 

(1) Ui = i for all i G {1, . . . , N}. 

(2) If N = 3, then m2 = mi . 

(3) If N = 4, then m^ = mi and m2 = mi + m^. 

(4) If N = 5, then m^i = mi = 2m^ and m^ = m2 = Sms. 

(5) If N = 6, then m2 = m^ = m4 = 2mi = 2m^ = 2mQ. 

(6) iV < 6. 

Proof. The first claim follows immediately from Lemma 17.31 Now, the fact 
that W = —W mod N implies that rrij = mx-i for all i £ {1, . . . , — 1}. 
Moreover, if > 3, the fact that W = —W mod (A^— 1) implies mi+mx = 
mx-2 and mi = mx-i-i for alH S {2, . . . , — 3}. Therefore, 

(A. 3) mi = mx-i, and 

(A. 4) 7712 = m^ = . . . = mx-2 = "t^i + "^N V A^ > 3. 

Claim (2) follows immediately from ()A.3|) . while claim (3) follows im- 
mediately from ()A.3j) and (IA.4p . If A^ = 5, then since W = —W mod 3, 
mi + mil = ?7i2 + m^. Claim (4) follows immediately from this fact and 
(|A.3h and (IA.4p . Similarly, if A^ = 6, then since W = -W mod 4, ms = 
"mi + ms; claim (5) follows easily. Finally, if A^ > 6, the fact that W = —W 
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mod {N — 2) implies that 7112 +m]\] = ?7ijv_4, which contradicts (1A.4|) . This 
proves the last claim. □ 
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